I show how recent progress in real space renormalization group methods can be used to define a generalized notion of holography inspired by holographic dualities in quantum gravity. The generalization is based upon organizing information in a quantum state in terms of scale and defining a higher dimensional geometry from this structure. While states with a finite correlation length typically give simple geometries, the state at a quantum critical point gives a discrete version of anti de Sitter space. Some finite temperature quantum states include black hole-like objects. The gross features of equal time correlation functions are also reproduced in this geometric framework. The relationship between this framework and better understood versions of holography is discussed.
spaced in log z. The appropriate measure for z is d log z = dz/z [14] .
Degrees of freedom at each scale can be entangled with the region A, which we take to have linear size L in d s spatial dimensions. Because of the boundary law, the contribution to the entropy of A from scale z should be proportional to the size of the boundary ∂A in units of the coarse grained scale z. This factor simply counts the degrees of freedom at scale z that are local to the boundary ∂A. The number of entangled degrees of freedom at scale z is also proportional to the measure dz/z and hence the entropy should scale as
The total entanglement entropy is obtained by integrating this formula from the ultraviolet cutoff a to some larger length ξ E . ξ E is the length scale beyond which there is no entanglement in the quantum state, and at a quantum critical point this length will diverge. In one dimension the entropy also diverges with ξ E , and cutting this divergence off with region size L naturally gives a weak violation of the boundary law.
III. LATTICE IMPLEMENTATION
To obtain a more concrete formulation of entanglement as a function of scale, we will focus on a concrete lattice system where entanglement renormalization can be carried out numerically [3] . The quantum Ising model in one spatial dimension is a convenient model system, but the basic story applies to more general systems in higher dimensions. The quantum Ising model has a
where J sets the overall energy scale and g is a dimensionless parameter we can tune. The Hamiltonian consists of two competing pieces, and this competition gives rise to a quantum phase transition at g = 1 between an ordered ferromagnetic phase and a disordered paramagnetic phase.
Following the prescription of entanglement renormalization, one can implement a renormalization group transformation on the Ising ground state using unitary operators called disentanglers to remove local entanglement and isometries to coarse grain as shown in Figure 1 . Note that information can be lost during the coarse graining steps since the isometries typically contain projectors.
The resulting network of unitary and isometric tensors approximately encodes the ground state wavefunction using a multi-layered structure [15] . Each layer corresponds to a different scale in the scheme and has a characteristic fractal structure. In principle, each tensor can be different, but translation and scale invariance can provide strong constraints. This network implements a renormalization group transformation that is local in space and scale. This transformation has the important property that it coarse grains local operators into local operators.
full theory, and the quantum state is effectively extended into an emergent dimension representing scale. The network depends on g because the ground state does.
Inspired by holography and the connection between entropy and geometry encoded in the ordinary boundary law, we will define a geometry from the entanglement structure of the quantum state. Imagine drawing boxes or cells around all the sites in the tensor network representing the quantum state as in Figure 2 . We view these cells as units filling out a higher dimensional "bulk" geometry where the size of each cell is defined to be proportional to the entanglement entropy S site of the site in the cell. The connectivity of the geometry is determined by the wiring of the quantum circuit represented by the tensor network in Figure 2 . The geometry ends whenever the coarse grained state completely factorizes. Now why is such a definition useful from the point of view of entanglement?
To compute the entropy of a block of sites in the original ultraviolet lattice we must know the reduced density matrix of the block, but what determines this density matrix? The causal cone [15] of a block of sites in the ultraviolet is defined as the set of sites, disentanglers, and isometries that can affect the chosen block. The causal cone should not to be confused with ordinary causality in time. For the causal cone of a large block, the number of sites in a given layer shrinks exponentially, as in Figure 3 , as we coarse grain. Note that for a small block, say two sites, the causal cone will actually grow slightly.
We start with the density matrix for a small number of sites deep in the causal cone of the block.
The goal is to reach the ultraviolet by following the renormalization group flow backwards. This is possible because we have recorded the entire renormalization "history" of the state in the network, but subtleties remain because of the possible loss of information. In practice, the truncation error may be quite small with the proper use of disentanglers. More properly, the tensor network defines a large variational class of states for which the entanglement entropy can be computed by reversing On the other hand, causal cones for small blocks may grow slightly. Once the causal cone of a large block has reached a width of order one, it stops shrinking.
the flow [15] .
Beginning with the density matrix for a small number of sites deep in the causal cone, we reverse the isometries and disentanglers to produce the density matrix of a larger number of sites at a less coarse grained scale. Any site at this new scale which is not in the causal cone of the block of interest can immediately be traced out as shown in Figure 4 . Tracing out a site can increase the entropy of the remainder, but the increase is no more than the entropy of the traced out site. This procedure is repeated until the ultraviolet is reached. Looking at the whole process, sites that are traced out occur on the outside boundary of the causal cone and form a kind of curve in the bulk geometry. The length of this curve is by definition the sum of the entropies of all the traced out sites. Thus the length of a curve in the bulk, including a deep "cap" coming from the sites we began with, provides an upper bound for the entropy of a block in the ultraviolet.
This entropy calculation is a complicated process which depends on the details of the scheme, but we can extract at least two general lessons. First, the intuitive picture of distinct entropy contributions from each scale is realized concretely in the lattice framework. Second, subadditivity of the entropy permits us to give an upper bound for the entropy of a block of sites in the ultraviolet.
From the cell model given above we can say that the entropy of a block of sites in the ultraviolet lattice is bounded by the length of a curve in a higher dimensional discrete geometry. This curve is precisely a holographic screen that hides information [16, 17] . It is natural to view the boundary of the causal cone as a minimal curve since it represents the minimal number of sites that must be traced out, and this agrees with the geometrical definition. As an aside, when the number of local degrees of freedom is large, similar to a thermodynamic limit, subadditivity is expected to be replaced by approximate additivity.
IV. GEOMETRY FROM ENTANGLEMENT
What geometries do these definitions give for the Ising model? In the large g limit, the Ising
Hamiltonian is dominated by the transverse field, and the ground state is a product state. Each site is in a pure state and we find no geometry. Away from large g, the system possesses an energy gap to excited states and a finite correlation length. The size of cells is initially non-zero due to the presence of entanglement. However, as the quantum state is coarse grained using entanglement renormalization the correlation length should grow smaller. Similarly, after a finite number of coarse graining steps the entanglement will be completely removed. At this "factorization" scale, which is the analog of ξ E , the coarse grained quantum state factorizes, and we can conclude that the geometry ends. The entanglement entropy of a block in the ultraviolet lattice receives contributions from a finite range of scales corresponding to a minimal curve hanging down from the cutoff scale to the factorization scale. Note also that the length of this minimal curve isn't affected by the end of the geometry since the spatial length is zero there.
The geometrical picture becomes more interesting when the quantum Ising model is at its quantum critical point g = 1. Scale invariance forces each coarse grained layer to be identical, and the geometry continues forever. Coarse grained sites are equivalent and have the same size. It has been verified numerically that each coarse grained layer in the network gives an equivalent contribution to the entropy of a block, which means that the entropy is actually proportional to the length of a minimal curve [3] . Because of the fractal nature of the network and the equivalence of sites, the distance between points also shrinks after each coarse graining. Entanglement renormalization is crucial for this result. Without it we would have to keep many more states when coarse graining or otherwise settle for a poor approximation to the quantum state.
The discrete geometry that appears at the critical point is nothing but a discrete version of anti de Sitter space (AdS). The smooth version of two dimensional anti de Sitter space has the metric
where R is some constant and w = log z. The analog of log z in the lattice setup is simply the layer number or depth which counts how many coarse grainings have been performed. The second form of the metric makes explicit the change in proper length in the spatial direction as a function of depth in the tensor network. The appearance of AdS is perhaps not surprising from the point of view of holography, but it is gratifying to see it emerge from the definitions.
The entropy of a block in the ultraviolet is indeed bounded by the length of a minimal curve in discrete AdS because this curve counts the minimal number of entangled sites over all scales that must be traced out. For example, we could also bound the entropy of the block by the sum of the entropies of the sites in the block, or in other words, by the length of a curve which doesn't dip into the bulk. The length of this curve is of order n S site where n is the number of sites in the block, but the length of the minimal curve is of order log n S site giving a significantly better upper bound. These bounds are similar to holographic bounds in gauge/gravity duality coming from counting degrees of freedom [18] . It is also interesting to note that the minimal curve in an optimized network seems to directly control the entropy, rather than providing just an upper bound, as was confirmed in the critical case.
V. FINITE TEMPERATURE AND CORRELATION FUNCTIONS
Extending the picture above to finite temperature requires a shift in thinking due to the presence of classical correlations in addition to quantum entanglement at finite temperature. The entanglement entropy now has an extensive component due to thermal effects. However, the mutual information I(A, B) = S A + S B − S A+B between two regions A and B subtracts out this extensive piece and obeys a boundary law at finite temperature [19] . The appropriate generalization of entanglement renormalization, though it may not be as numerically tractable, is still be useful in removing local entanglement and correlations. The coarse grained Hilbert space will typically grow if we insist on keeping all eigenvalues of the reduced density matrix of a block up to some fixed cutoff.
Despite some peculiarities associated with hydrodynamics in quantum critical systems in one spatial dimension, we continue to focus on the quantum Ising model in one spatial dimension.
At the quantum critical point we initially find a region of discrete AdS geometry corresponding to energy scales much greater than the temperature. However, the temperature grows as we renormalize since it represents a relevant perturbation to the quantum critical point. Thermal effects gradually become important, and the size of coarse grained sites must begin to grow to incorporate thermalized degrees of freedom.
Eventually we reach a scale where low energy modes live. Note that for the critical one dimensional Ising model, there is no hydrodynamic behavior for conserved currents, but the order parameter displays low energy "quantum relaxational" dynamics [20] . What would be the "hydrodynamic" scale is characterized by a renormalized temperature greater than the energy scale of interest but still less than the lattice scale. If the temperature continues to grow under further renormalization then it may exceed even the lattice scale, a result familiar from the real space renormalization group of the classical one dimensional Ising model.
At this final scale the reduced density matrix of any site is proportional to the identity and the coarse grained density matrix completely factorizes. I interpret this situation as corresponding to a black hole horizon for at least three reasons. First, the geometry ends from the point of view of an observer "hovering" at fixed scale. Second, the completely mixed state is like an infinite temperature state, and the local temperature measured by a hovering observer diverges at simple black hole horizons. Third, the final layer possesses finite entropy/size because the coarse grained sites are in mixed states. In particular, the entropy of a large block in the ultraviolet now consists of two pieces: the usual boundary contribution plus an extensive piece due to the horizon as shown The curve, defined by the boundary of the causal cone of a large block, quickly falls to the factorization scale and then runs along it. In the gapped case, the length is zero at the factorization scale, and the entropy has only a boundary contribution which saturates for large blocks. However, in the finite temperature case, the horizon scale has finite size and gives an extensive contribution to the entropy of a large block in the ultraviolet.
in Figure 5 .
Equal time correlation functions are also interesting when viewed geometrically. In the entanglement renormalization scheme, two operators can be correlated if the sites at which they are inserted have overlapping causal cones. The causal cone of a single site is a "thickened" line in the bulk geometry with a lattice scale width of a few sites. Consider a simple gapped system.
Sites separated by less than a correlation length have overlapping causal cones, but distant sites have causal cones that end at the factorization scale before touching. Thus distant sites cannot be correlated, and this is precisely the exponential fall off in correlations characteristic of a gapped phase.
In the case of the critical geometry, the causal cones of distant sites always touch. For conformal primary operators, which have a simple scaling behavior under renormalization, the correlation functions have an additional geometrical interpretation. The two point function, for example, is proportional to exp (−∆ ℓ) where ∆ is the operator dimension and ℓ is the length of a minimal curve. This is identical to the holographic result in the conformal case. At finite temperature, the horizon is a source of decaying correlations because the causal cones of distant sites can end at the horizon before touching. This is nothing but thermal screening, with a screening length set by the temperature. In each case, the structure of correlation functions is determined by the basic geometry of the extra scale dimension.
VI. HOLOGRAPHIC DUALITY
The appearance of higher dimensional black holes to describe thermal states of gauge theories is precisely the content of holographic gauge/gravity duality. The best known example of this correspondence is the duality between a certain supersymmetric quantum gauge theory in four dimensions, N = 4 SU (N ) Yang-Mills theory, and a theory of quantum gravity, type IIB string theory, in a fluctuating spacetime that is asympotically five dimensional anti de Sitter space times a five sphere, AdS 5 ×S 5 . This duality is simplest from the gravity point of view when the field theory is strongly coupled and when the number of "colors" tends to infinity, the large N limit. In this limit quantum gravity reduces to classical gravity in a weakly curved space.
The gauge theory in infinite volume is dual to anti de Sitter space in the Poincare patch with metric
where again z represents something like length scale in the dual gauge theory. Finite temperature effects in the gauge theory map to black hole mechanics in AdS, and in particular, thermal screening has an interpretation in terms of geodesics falling into the horizon. In the classical gravity limit, the entanglement entropy of a region A in the field theory is given by the area in Planck units of a minimal three dimensional surface which hangs from the two dimensional boundary of A into the bulk [21, 22] .
From the point of view advocated here that entanglement defines geometry, we are free to reverse this logic and define the higher dimensional geometry in terms of entanglement entropy in the field theory. This formulation exactly reproduces anti de Sitter space and makes the minimal surface prescription true by definition, but it may be more general since it applies to fairly generic local quantum systems. Further evidence for the connection between entanglement renormalization and holography comes from the holographic interpretation of the extra gravitational dimension in terms of energy scale in the gauge theory. However, this interpretation is heuristic and non-trivial because defining a real space quantum renormalization group is not straightforward. It is tempting to regard something like entanglement renormalization as an important ingredient for making precise the real space renormalization group structure in holography.
We have seen how a geometry can be defined from entanglement, but this scheme is ultimately too simple from the point of view of gauge/gravity duality. The dual gravitational theory typically contains other fields in addition to the metric which we must also in principle define from field theory quantities. Consistent with the interpretation of the extra dimension in terms of scale, we can attempt to define the higher dimensional bulk fields in terms of renormalized couplings in the dual field theory. The equations of motion for the bulk fields should be taken to be the renormalization group equations for the dual field theory [9] . These couplings are typically fixed at the ultraviolet cutoff and flow under the renormalization group, but this running depends on which couplings are present and on the quantum state being renormalized [23] . One can check, for example, that relevant and irrelevant couplings in the Hamiltonian grow or decay as expected under entanglement renormalization [24] . One further interesting feature of gauge/gravity duality at finite temperature is that the geometry is not always equivalent to a black hole. This understandable in our scheme because we are not guaranteed to reach a completely mixed state under a generic renormalization group flow at finite temperature. For example, the entanglement structure of gapped states should not change dramatically due to the presence of a small temperature. Alternatively, a conformal theory on a compact space can give at least two generic renormalization group behaviors based on whether one reaches zero spatial size or infinite temperature first. Something similar occurs in gauge/gravity duality in the form of the Hawking-Page transition for the N = 4 theory on the space S 3 [25] .
When a black hole does exist in the holographic geometry, the stretched horizon appears to be interpretable as the "hydrodynamic" scale in our construction, which is naturally distinct from the "true" (null surface) horizon.
VII. CONCLUSIONS
We have described a framework for thinking about entanglement and correlation based on higher dimensional geometry. We can literally construct an emergent holographic space from the entanglement properties of a large class of many body states including free bosons and fermions, quantum critical points, topological phases, frustrated quantum magnets, superconductors, and more. The gross features of entanglement and equal time correlation functions are encoded geometrically. This geometrical picture of entanglement is realized both in a concrete lattice setup based on entanglement renormalization and in the context of gauge/gravity duality, thus connecting these two beautiful ideas. The theory also incorporates black hole-like objects at finite temperature that seem to share many properties with more conventional black holes in semi-classical general relativity. What we have not done is give a detailed proposal for the gravity dual of, say, the Ising model, and if such a dual exists, it seems likely to be very complicated. Remarkably, much of this complexity seems irrelevant for the simple geometrical ideas explored here. hints of a holographic description [27] . Perhaps one can make progress in understanding the dual gravitational theory.
The notion of a quantized renormalization group including gravity can be made more precise, particularly with regard to fluctuations in the bulk fields. A certain class of topological "string-net" phases realize exact versions of entanglement renormalization [28, 29] and provide a useful exactly solvable testing ground. More speculatively, it would be amusing to carry out this program for lattice systems defined on some nearly translation invariant fractal, perhaps realizing a holographic dual of the epsilon expansion and giving some kind of non-integer dimensional anti de Sitter space.
Finally, from the perspective of entanglement renormalization, variational principles for the higher dimensional geometry may help simplify the search for quantum circuits to describe interesting many body states.
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